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Heat flow patterns in the presence of natural convection within trapezoidal enclosures have been ana-
lyzed with heatlines concept. In the present study, natural convection within a trapezoidal enclosure
for uniformly and non-uniformly heated bottom wall, insulated top wall and isothermal side walls with
inclination angle u have been investigated. Momentum and energy transfer are characterized by stream-
functions and heatfunctions, respectively, such that streamfunctions and heatfunctions satisfy the
dimensionless forms of momentum and energy balance equations, respectively. Finite element method
has been used to solve the velocity and thermal fields and the method has also been found robust to
obtain the streamfunction and heatfunction accurately. The unique solution of heatfunctions for situa-
tions in differential heating is a strong function of Dirichlet boundary condition which has been obtained
from average Nusselt numbers for hot or cold regimes. Parametric study for the wide range of Rayleigh
number ðRaÞ;103

6 Ra 6 105 and Prandtl number ðPrÞ;0:026 6 Pr 6 1000 with various tilt angles
u ¼ 45�;30� and 0�(square) have been carried out. Heatlines are found to be continuous lines connecting
the cold and hot walls and the lines are perpendicular to the isothermal wall for the conduction dominant
heat transfer. The enhanced thermal mixing near the core for larger Ra is explained with dense heatlines
and convective loop of heatlines. The formation of boundary layer on the walls has a direct consequence
based on heatlines. The local Nusselt numbers have also been shown for side and bottom walls and var-
iation of local Nusselt numbers with distance have also been explained based on heatlines. It is found that
average heat transfer rate does not vary significantly with u for non-uniform heating of bottom wall.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Natural convection in enclosed cavities has received significant
attention due to many engineering applications [1–5]. The exten-
sive studies for rectangular and square enclosures using various
numerical simulations reported by Patterson and Imberger [6],
Nicolette et al. [7], Hall et al. [8], Hyun and Lee [9], Fusegi et al.
[10], Lage and Bejan [11,12], Xia and Murthy [13] and Al-Amiri
et al.[14] ensure that several attempts have been made to acquire
a basic understanding of natural convection flows and heat transfer
characteristics in an enclosure.

The majority of works dealing with convection in enclosures is
restricted to the cases of simple geometry e.g., rectangular, square,
cylindrical and spherical cavities. But the configurations of actual
containers occurring in practice is often far from being simple. A
few studies on natural convection on triangular enclosures filled
ll rights reserved.
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with a viscous fluid or a porous medium have been carried out
by earlier researchers [15–17]. Iyican and Bayazitoglu [18] investi-
gated natural convective flow and heat transfer within a trapezoi-
dal enclosure with parallel cylindrical top and bottom walls at
different temperatures and plane adiabatic side walls. A critical
Rayleigh number is presented depending on the tilting angle,
where unicellular convection is observed. Karyakin [19] reported
two-dimensional laminar natural convection in enclosures of arbi-
trary cross-section. This study reported on transient natural con-
vection in an isosceles trapezoidal cavity inclined at angle / to
the vertical line where a single circulation region is found in the
steady state case. The heat transfer rate is found to increase with
the increase in angle /.

Perić [20] studied natural convection in trapezoidal cavities
with a series of systematically refined grids from 10� 10 to
160� 160 control volume and observed the convergence of results
for grid independent solutions. Kuyper and Hoogendoorn [21]
investigated laminar natural convection flow in trapezoidal enclo-
sures to study the influence of the inclination angle on the flow and
also the dependence of the average Nusselt number on the Ray-
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Nomenclature

g acceleration due to gravity, ms�2

k thermal conductivity, Wm�1 K�1

L height or base of the trapezoidal cavity, m
N total number of nodes
Nu Nusselt number
p pressure, Pa
P dimensionless pressure
Pr Prandtl number
R Residual of weak form
Ra Rayleigh number
T temperature, K
Th temperature of hot bottom wall, K
Tc temperature of cold vertical wall, K
u x component of velocity, ms�1

U x component of dimensionless velocity
v y component of velocity, ms�1

V y component of dimensionless velocity
X dimensionless distance along x coordinate
x distance along x coordinate, m

Y dimensionless distance along y coordinate
y distance along y coordinate, m

Greek symbols
a thermal diffusivity, m2 s�1

b volume expansion coefficient, K�1

c penalty parameter
h dimensionless temperature
m kinematic viscosity, m2 s�1

q density, kgm�3

U basis functions
w streamfunction
P heatfunction

Subscripts
b bottom wall
l left wall
r right wall
s side wall
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leigh number. Thermosolutal heat transfer within trapezoidal cav-
ity heated at the bottom wall and cooled at the inclined top wall
was investigated by Boussaid et al. [22]. Recently, studies on natu-
ral convection have been carried out for various inclinations of
trapezoidal enclosures filled with either fluid or porous med-
ium[23,24]. However, the detailed understanding of heat flows
and distribution of heat energy for natural convection process in
trapezoidal cavities have not been studied.

The heatlines are introduced for visualization and analysis of
heat transfer [25,26]. Convective heat transfer processes were ana-
lyzed mainly using isotherms before introduction of the concept of
‘heatlines’. The heatline is the best way to visualize the heat trans-
fer in two-dimensional convective transport processes. Energy
flow within various regimes especially for convective heat trans-
port processes can be best visualized by heatlines whereas iso-
therms are unable to give guideline for energy flows. The
heatlines are mathematically represented by heatfunctions and
the proper dimensionless forms of heatfunctions are closely re-
lated to overall Nusselt numbers. Kimura and Bejan [25] proposed
heatlines for visualization of convective heat transfer through an
extension of heat flux line concept to include the advection terms.
Further, Bejan [26] reviewed extensively various aspects of heat-
lines and illustrated the use of heatline concept to visualize various
physical situations.

Costa [27–30] gave a unified viewpoint in both physical and
numerical aspects on the treatment of heatlines for visualizing
two-dimensional transport problems. Heatlines analysis have been
carried out for investigations in polar coordinates [31–35]. There
are few studies on the application of heatlines for natural convec-
tion by earlier workers (Bello-Ochende [36], Aggarwal and Manha-
pra [37], Deng and Tang [38], Zhao et al. [39]). Application of
heatlines was shown for thermomagnetic convection in electro-
conductive melts [40,41]. A few recent investigations based on
heatline approach involves convection in porous cavity [42], conju-
gate natural convection [43] and convection due to localized heat-
ing and salting [44]. A recent investigation is also based on
applications of heatlines to analyze natural convection within por-
ous non-isothermal triangular cavities [45]. However, visualization
of heat flows via heatlines were not reported for trapezoidal enclo-
sures. It is also essential to study the heat transfer characteristics in
complex geometries in order to obtain the optimal design of the
container for various industrial applications. Thus, it is important
to study the energy flow using heatlines within trapezoidal
enclosures.

The aim of this article is to analyze energy flows due to natural
convection within trapezoidal enclosures with hot bottom wall
and cold side walls in presence of insulated top walls. The main
objective to study this fundamental problem is to examine thermal
mixing near the central core of the cavity for various material pro-
cessing applications. Numerical simulations were performed using
Galerkin finite element method with penalty parameter to solve
the nonlinear coupled partial differential equations for flow and
temperature fields. The Galerkin method is further employed to
solve the Poisson equation for streamfunctions and heatfunctions.
It may be noted that Galerkin finite element method has been used
here for the first time to evaluate the heatfunction. The heatline
concept primarily based on the imposition of boundary conditions
have been addressed first time in the present work. The heatlines
and thermal mixing will be illustrated for commonly used fluid
with Pr ¼ 0:026� 1000 in various industrial applications.

2. Mathematical formulation

2.1. Velocity and temperature distributions

Let us consider a trapezoidal cavity of height L with the left wall
inclined at an angle u ¼ 45�;30�;0� with Y axis (Fig. 1a–c). The
boundary conditions for velocity are considered as no-slip on solid
boundaries. The fluid is considered as incompressible, Newtonian
and the flow is assumed to be laminar. For the treatment of the
buoyancy term in the momentum equation, Boussinesq approxi-
mation is employed to account for the variations of density as a
function of temperature, and to couple in this way the temperature
field to the flow field. Under these assumptions, governing equa-
tions for steady two-dimensional natural convection flow in the
square cavity using conservation of mass, momentum and energy
can be written with following dimensionless variables or numbers

X ¼ x
L
; Y ¼ y

L
; U ¼ uL

a
; V ¼ vL

a
; h ¼ T � Tc

Th � Tc

P ¼ pL2

qa2 ; Pr ¼ m
a
; Ra ¼ gbðTh � TcÞL3Pr

m2 ð1Þ

as:
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Fig. 1. Schematic diagram of the physical system for (a) u ¼ 45� , (b) u ¼ 30� , (c) u ¼ 0� .
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¼ @2h

@X2 þ
@2h
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with the boundary conditions

U ¼ 0; V ¼ 0; h ¼ 1; or h ¼ sinðpXÞ; 8Y ¼ 0; 0 6 X 6 1
U ¼ 0; V ¼ 0; h ¼ 0; 8X cosðuÞ þ Y sinðuÞ ¼ 0; 0 6 Y 6 1
U ¼ 0; V ¼ 0; h ¼ 0; 8X cosðuÞ � Y sinðuÞ ¼ cosðuÞ; 0 6 Y 6 1
U ¼ 0; V ¼ 0; @h

@Y ¼ 0; 8Y ¼ 1; � tanðuÞ 6 X 6 1þ tanðuÞ
ð6Þ

Note that, X and Y are dimensionless coordinates varying along
horizontal and vertical directions, respectively; U and V are dimen-
sionless velocity components in X and Y directions, respectively; h
is the dimensionless temperature; P is the dimensionless pressure;
Ra and Pr are Rayleigh and Prandtl numbers, respectively.
The momentum and energy balance equations (Eqs. (3)–(5)) are
solved using the Galerkin finite element method. The continuity
equation (Eq. (2)) has been used as a constraint due to mass con-
servation and this constraint may be used to obtain the pressure
distribution. In order to solve Eqs. (3) and (4), we use the penalty
finite element method where the pressure P is eliminated by a pen-
alty parameter c and the incompressibility criteria given by Eq. (2)
which results in

P ¼ �c
@U
@X
þ @V
@Y

� �
: ð7Þ

The continuity equation [Eq. (2)] is automatically satisfied for
large values of c. Typical values of c that yield consistent solutions
are 107. Using Eq. (7), the momentum balance equations [Eqs. (3)
and (4)] reduce to

U
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and
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¼ c

@
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þ Pr
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 !
þ RaPrh: ð9Þ
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The system of equations [Eqs. (5), (8) and (9)] with boundary
conditions is solved by using Galerkin finite element method
([46]). Expanding the velocity components ðU;VÞ and temperature
ðhÞ using basis set fUkgN

k¼1 as,

U �
XN

k¼1

UkUkðX;YÞ; V �
XN

k¼1

VkUkðX;YÞ and h �
XN

k¼1

hkUkðX;YÞ;

ð10Þ

the Galerkin finite element method yields the following nonlinear
residual equations for Eqs. (8), (9) and (5), respectively, at nodes
of internal domain X:

Rð1Þi ¼
XN
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and
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Bi-quadratic basis functions with three point Gaussian quadrature
is used to evaluate the integrals in the residual equations. In Eqs.
(11) and (12), the second term containing the penalty parameter
ðcÞ are evaluated with two point Gaussian quadrature (reduced
integration penalty formulation, Reddy [46]). The non-linear resid-
ual Eqs. (11)–(13) are solved using Newton-Raphson procedure to
determine the coefficients of the expansions in Eq. (10). The de-
tailed solution procedure may be found in earlier works ([47,48]).

2.2. Streamfunction and heatfunction

The fluid motion is displayed using the streamfunction (w)
obtained from velocity components U and V. The relationships
between streamfunction, w (Batchelor [49]) and velocity compo-
nents for two-dimensional flows are

U ¼ @w
@Y

and V ¼ � @w
@X

; ð14Þ

which yield a single equation

@2w

@X2 þ
@2w

@Y2 ¼
@U
@Y
� @V
@X

: ð15Þ

Using the above definition of the streamfunction, the positive sign
of w denotes anti-clockwise circulation and the clockwise circula-
tion is represented by the negative sign of w. Expanding the stream-
function ðwÞ using the basis set fUg as w ¼

PN
k¼1wkUkðX;YÞ and the

relationship for U and V from Eq. (10), the Galerkin finite element
method yields the following linear residual equations for Eq. (15).

Rs
i ¼

XN

k¼1

wk

Z
X

@Ui

@X
@Uk

@X
þ @Ui

@Y
@Uk

@Y

� �
dXdY �

Z
C
Uin � rwdC

þ
XN

k¼1

Uk

Z
X

Ui
@Uk

@Y
dXdY �

XN

k¼1

Vk

Z
X

Ui
@Uk

@X
dXdY ð16Þ

The no-slip condition is valid at all boundaries as there is no cross
flow, hence w ¼ 0 is used as residual equations at the nodes for
the boundaries. The bi-quadratic basis function is used to evaluate
the integrals in Eq. (16) and ws are obtained by solving the residual
Eq. (16).

The heat flow within the enclosure is displayed using the
heatfunction (P) obtained from conductive heat fluxes
� @h

@X ;� @h
@Y

� �
as well as convective heat fluxes ðUh;VhÞ. The heat-

function satisfies the steady energy balance equation (Eq. (5))
([25]) such that

@P
@Y
¼ Uh� @h

@X
;

� @P
@X
¼ Vh� @h

@Y
; ð17Þ

which yield a single equation

@2P

@X2 þ
@2P

@Y2 ¼
@

@Y
ðUhÞ � @

@X
ðVhÞ: ð18Þ

Using the above definition of the heatfunction, the positive sign of
P denotes anti-clockwise heat flow and the clockwise heat flow is
represented by the negative sign of P. Expanding the heatfunction
(P) using the basis set fUg as P ¼

PN
k¼1PkUkðX;YÞ and the relation

for U;V and h from Eq. (10), the Galerkin finite element method
yields the following linear residual equations for Eq. (18).
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The residual equation (Eq. (19)) is further supplemented with
various Dirichlet and Neumann boundary conditions in order to
obtain an unique solution of Eq. (18). Neumann boundary condi-
tions for P are obtained for isothermal (hot or cold) or sinusoidally
heated wall as derived from Eq. (17) and the normal derivatives
(n � rP) are specified as follows:

(a) for bottom wall

n � rP ¼ 0 ðuniform heatingÞ
¼ p cospX ðsinusoidal heatingÞ ð20Þ

and
(b) for vertical wall

n � rP ¼ 0 ðcoolingÞ ð21Þ
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The top insulated wall may be represented by Dirichlet boundary
condition as obtained from Eq. (17) which is simplified into
@P
@X ¼ 0 for an adiabatic wall. A reference value of P is assumed as
0 at the edge D (Fig. 1a–c) and hence P ¼ 0 is valid for Y ¼ 1;8X.
It may be noted that, the unique solution of Eq. (18) is strongly
dependent on the non-homogeneous Dirichlet conditions. It may
be noted that most of earlier works [38,27] are limited within
two adiabatic walls where Dirichlet boundary condition is either
0 or Nu at the adiabatic walls. Current work is based on the situa-
tions of differential heating of walls and Dirichlet conditions for P
have been obtained based on heat flux balance i.e., the total heat
gained by the cold wall equals the total heat loss from the hot wall.
Therefore, following Dirichlet boundary conditions have been
derived.
P ¼ Nul

cos u
at edge A ¼ � Nur

cos u
at edge B ð22Þ

The evaluation of average Nusselt numbers for the left and right
walls (Nul and Nur) are discussed in next section.

The sign of heatfunction needs special mention. The solution of
heatfunction (Poisson equation) is strongly dependent on non-
homogeneous Dirichlet boundary conditions and the sign of heat-
function is governed by the sign of ‘non-homogeneous’ Dirichlet
condition at the junction of hot and cold walls. The heat flow al-
ways occurs from the hot to cold regime and the positive sign of
‘non-homogeneous’ Dirichlet condition denotes the anti-clockwise
heat flow. It may also be noted that signs of streamfunction and
heatfunction are identical for the convection dominated heat flows.

2.3. Nusselt numbers

The heat transfer coefficient in terms of the local Nusselt num-
ber ðNuÞ is defined by

Nu ¼ � @h
@n

; ð23Þ
X

Y

Y

Mapping

Mapping

1 4 7

2

3

6

9

8
5

X

Global co−ordinate system                                   

a

b

Fig. 2. (a) The mapping of trapezoidal domain to a square domain in n� g coordinate
coordinate system.
where n denotes the normal direction on a plane. The normal deriv-
ative is evaluated by the bi-quadratics basis set in n� g domain. The
local Nusselt numbers at bottom wall ðNubÞ, left wall ðNulÞ and right
wall ðNurÞ are defined as

Nub ¼
X9

i¼1

hi
@Ui

@Y
; ð24Þ

Nul ¼
X9

i¼1

hi cos u
@Ui

@X
þ sin u

@Ui

@Y

� �
: ð25Þ

and

Nur ¼ �
X9

i¼1

hi cos u
@Ui

@X
� sin u

@Ui

@Y

� �
: ð26Þ

The average Nusselt numbers at the bottom, left and right walls are

Nub ¼
R 1

0 NubdX

Xj10
¼
Z 1

0
NubdX; ð27Þ

Nul ¼ cos u
Z 1

cos u

0
Nulds1; ð28Þ

and

Nur ¼ cos u
Z 1

cos u

0
Nurds2; ð29Þ

where ds1 and ds2 are the small elemental lengths along the left and
right walls, respectively. Note that, Nul ¼ Nur ¼ Nus may be as-
sumed due to symmetry in boundary conditions at side walls.

3. Results and discussion

3.1. Numerical tests

The computational grid in the trapezoidal domain is gener-
ated via mapping the triangular domain into square domain in
n� g coordinate system as shown in Fig. 2 and the procedure
1

2

3

 4

5

6

7

8

9

η

 η

                            Local co−ordinate system

ξ

ξ

system and (b) the mapping of an individual element to a single element in n� g
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is outlined in Appendix A. The computational domain in n� g
coordinates (Fig. 2) consists of 20� 20 bi-quadratic elements
which correspond to 41� 41 grid points. The bi-quadratic ele-
ments with lesser number of nodes smoothly capture the non-
linear variations of the field variables which are in contrast with
finite difference/finite volume solutions available in literature
[21].

In the current investigation, Gaussian quadrature based finite
element method provides the smooth solutions at the interior do-
main including the corner regions as evaluation of residuals de-
pends on the interior Gauss points and thus the effect of corner
nodes are less profound in the final solution as discussed by earlier
researchers [47,48]. In general, the Nusselt numbers for finite dif-
ference/finite volume based methods are calculated at any surface
using some interpolation functions [21] which are now avoided in
the current work. The present finite element method based ap-
proach offers special advantage on evaluation of local Nusselt
number at the left, right and bottom walls as the element basis
functions have been used to evaluate the heat flux and Nusselt
numbers.

Current finite element based solutions on streamfunctions and
isotherms have been compared with finite volume based solutions
for trapezoidal enclosures [21] and the solutions are in well agree-
ment. It may be noted that current solution is based on 20� 20 bi-
quadratic elements whereas the earlier work [21] is based on
60� 60 control volume grid.

The results of heatlines are found to be in well agreement with
the earlier work [38] for a square enclosure ðu ¼ 0�Þ filled with air
ðPr ¼ 0:71Þ subjected to hot left wall and cold right wall in pres-
ence of insulated horizontal walls at Ra ¼ 105. Till date, heatlines
have not been reported for irregular geometries. However, heat-
lines are perpendicular to the isothermal surface and they are
smooth curves for the conduction dominant heat transfer. These
features are clearly seen in Fig. 3a–c.
Fig. 3. Streamfunction ðwÞ, temperature ðhÞ, and heatfunction ðPÞ contours for uniform bo
(c) u ¼ 0� .
3.2. Case 1: uniform heating of bottom wall

Figs. 3–6 illustrate streamlines, isotherms and heatlines for
Pr ¼ 0:026� 1000 and Ra ¼ 103 � 105 during uniform heating of
bottom wall in presence of cold side walls. In general, fluid rise
up from the middle portion of the bottom wall and flow down
along two cold vertical walls forming two symmetric rolls with
clockwise and anticlockwise rotations inside the cavity. For
Ra ¼ 103; Pr ¼ 0:026 (Fig. 3), the magnitudes of streamfunction
are considerably smaller and the heat transfer is primarily due to
conduction. For Ra ¼ 103 with u ¼ 45�, the isotherms with
h ¼ 0:1� 0:4 occur symmetrically near the side walls of the enclo-
sure (Fig. 3a). The other isotherms with h P 0:5 are smooth curves
symmetric with respect to vertical symmetric line at the center.
For u ¼ 30�, the temperature contours with h ¼ 0:1� 0:3 occur
symmetrically near the side walls of the enclosure (Fig. 3b). The
other isotherms with h P 0:4 are smooth curves symmetric with
respect to central symmetric line. For u ¼ 0� (square cavity), the
isotherms with h ¼ 0:1 occur symmetrically along the side walls
and isotherms with h P 0:2 are smooth curves symmetric with re-
spect to the vertical symmetric line (Fig. 3c). It is interesting to
note that the stronger convection, however small, occurs for
u ¼ 45� and 30�. The central regime attains the largest tempera-
ture for u ¼ 45�.

The temperature distribution for various u in trapezoidal
enclosures can further be explained with distribution of heat en-
ergy which is governed by heatfunctions or heatlines. Heatlines
are shown in panels of Fig. 3a–c. Heatlines illustrate that the heat
energy from the bottom wall symmetrically distributed to side
walls irrespective of u especially for smaller Ra. It is important
to note that, the two bottom corner edges have infinite heat flux
as the cold wall is directly in contact with the hot bottom wall.
Note that, the signs of heatfunctions are dependent on boundary
conditions at two bottom corners. Our sign convention is based
ttom heating, hðX; 0Þ ¼ 1 with Pr ¼ 0:026 and Ra ¼ 103: (a) u ¼ 45� , (b) u ¼ 30� and



Fig. 4. Streamfunction (w), temperature (h), and heatfunction (P) contours for uniform bottom heating, hðX;0Þ ¼ 1 with Pr ¼ 0:026 and Ra ¼ 105: (a) u ¼ 45� , (b) u ¼ 30� and
(c) u ¼ 0� .

Fig. 5. Streamfunction (w), temperature ðhÞ, and heatfunction ðPÞ contours for uniform bottom heating, hðX;0Þ ¼ 1 with Pr ¼ 0:7 and Ra ¼ 105: (a) u ¼ 45� , (b) u ¼ 30� and
(c) u ¼ 0� .

T. Basak et al. / International Journal of Heat and Mass Transfer 52 (2009) 2471–2483 2477
on the fact that the heat flow occurs from the hot to cold wall,
and the positive heatfunction corresponds to anticlockwise heat
flow. It may also be noted that, Nul

cos u or � Nur
cos u denotes the total

or cumulative heat flux at two bottom corner points and there-
fore, the magnitudes of heatfunctions decrease from the bottom
edges to the central symmetric line where no heat flux condition
is valid due to symmetric boundary conditions for temperature.
Note that, heatlines are perpendicular towards the side walls
indicating the normal heat flux along the wall. It may also be
noted that the straight normal heat flux lines to the side walls
indicate the dominant conduction mode. The parallel heatlines
which are also normal to the walls for any u is expected for dom-
inant conduction mode and these features are validated for the
first time in this work.



Fig. 6. Streamfunction ðwÞ, temperature ðhÞ, and heatfunction ðPÞ contours for uniform bottom heating, hðX; 0Þ ¼ 1 with Pr ¼ 1000 and Ra ¼ 105: (a) u ¼ 45� , (b) u ¼ 30� and
(c) u ¼ 0� .
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It is also interesting to note that, the heatfunction ðPÞ at the
bottom corner point for u ¼ 0� is larger than those for u ¼ 45�

and 30�. It is observed that the heatlines near the bottom portion
of side walls are more dense for u ¼ 45� whereas the heatlines
are less dense for u ¼ 0� (square cavity). The dense heatlines fur-
ther indicate enhanced rate of heat transfer from the bottom to
the side walls. Therefore isotherms with h ¼ 0:1� 0:4 are shifted
towards the side wall for u ¼ 45�. It is also interesting to observe
that, heat transport at the top portion of the cavity for u ¼ 45�

and u ¼ 30� is higher compared to u ¼ 0� based on values of P.
Therefore, temperature at the top portion is larger for u ¼ 45�

and 30�. As the heat transfer rate is quite large at the corners of
the bottom wall, the thermal boundary layer was found to develop
near bottom edges, and the thickness of boundary layer is larger at
the top portion of the cold wall signifying less heat transfer to the
top portion. The thermal boundary layer thickness is larger for
u ¼ 0� as smaller values of P are observed at the top portion.
The stratification of temperature contours occur near the center
of the bottom wall as almost vertical heatlines occur near that
regime.

At larger RaðRa ¼ 105Þ, the effect of buoyancy force is stronger
compared to viscous forces and the intensity of fluid motion has
been increased as indicated by larger magnitudes of streamfunc-
tions (Fig. 4). The enhanced convection causes larger heat energy
to flow from the bottom wall to the top portion of the vertical wall
and a large regime of top portion of the cavity remains at uniform
temperature for u ¼ 45� and 30�. It is interesting to observe that
the stratification zone of temperature at the central vertical line
near the bottom wall is suppressed for Ra ¼ 105 due to enhanced
convection whereas the stratification zone is larger for Ra ¼ 103.
It may be noted that the stratification zone of temperature at bot-
tom is thicker for u ¼ 0� due to less intense circulation near the
top portion of the cavity. It is also observed that the isotherms
are compressed strongly towards the side walls for Ra ¼ 105 espe-
cially with u ¼ 45� and 30�. The isotherms with
h 6 0:4; h 6 0:3; h 6 0:2 are compressed near the side walls of the
enclosure for u ¼ 45�;30� and 0�, respectively. It is also observed
that isotherms for u ¼ 45� are more distorted (Fig. 4a) compared
to 30� (Fig. 4b) and 0� (Fig. 4c). The shapes of streamlines are found
almost circular except near the side wall. It is interesting to ob-
serve that, for u ¼ 45� and 30�, symmetric multiple circulations
near top corners appear whereas weak secondary circulation also
occur near the center of the side walls for u ¼ 0�.

Two types of heatlines are found: one indicating heat transfer
from the hot wall to the cold side walls and the other indicating
heat flow/circulations due to fluid circulation cells. Heatlines near
the top portion of the side walls are oscillatory due to secondary
circulation for u ¼ 45� and 30�. It is interesting to observe that
the heatlines are quite dense near the central regime for u ¼ 45�

and 30� and this implies enhanced heat transfer or thermal mixing
near the central to top portion of the cavity. It is also interesting to
note that the convective transport of heat also suppresses iso-
therms near the central part of side walls for u ¼ 45� and 30�. In
contrast, the isotherms are less dense near the central regime of
the side walls for u ¼ 0� and thus the boundary layer thickness
is large near the central regime of the side wall especially for
u ¼ 0�. The larger thickness of thermal boundary layer also corre-
sponds to less dense heatlines at the central regime of side walls
for u ¼ 0� (Fig. 4c). It may also be noted that the significant con-
vection causes distortion of heatlines especially near the side walls
as compared with conduction dominant heat transfer (see Fig. 3). It
is also interesting to observe that the shape of heatlines near the
core is identical with the streamlines, signifying the convection
dominant heat flow due to large intensity of circulations as shown
with large values of streamfunctions. The weak secondary circula-
tion cells of heatlines near the bottom wall are due to secondary
circulations as seen in Fig. 4c.

At a larger PrðPr ¼ 0:7Þ with Ra ¼ 105, the intensity of flow cir-
culations have been increased irrespective of u as seen from
Fig. 5a–c. Although the streamlines are circular or elliptical near
the core, but the streamlines near the wall is almost parallel to wall
exhibiting large intensity of flow. It may be noted that,
jwjmax ¼ 15;16 and 13 for u ¼ 45�;30� and 0�, respectively,
whereas the maximum value of the streamfunctions are lesser
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for Pr ¼ 0:026 and Ra ¼ 105 as seen in Fig. 4a–c. It is also interest-
ing to observe that multiple circulations are completely absent for
Pr ¼ 0:7 and Ra ¼ 105. Due to enhanced flow circulations, the iso-
therms are highly compressed near the side walls except near the
bottom portion especially for u ¼ 45� and 30�. The boundary layers
are found to develop at two corners of the bottom wall for all the
angles. It is also interesting to observe that a large regime at the
core of the cavity is maintained at h ¼ 0:5.

The thermal energy transport is further analyzed with heatlines.
Similar to Pr ¼ 0:026 and Ra ¼ 105, two types of heatlines are ob-
served. The enhanced thermal mixing near the central regime is
attributed to the highly dense heatlines especially for u ¼ 45�

and 30�. The dense heatlines consist of the heatlines emanating
from the heated bottom wall and other lines as parts of convective
circulation of heat. Therefore, the enhanced thermal mixing near
the core leads to uniform temperature h ¼ 0:5. Similar phenomena
was also observed for Pr ¼ 0:026 and Ra ¼ 105, but the intensity of
heat transport is lesser for Pr ¼ 0:026. It may be noted that, jPjmax

near the core is around 4 for u ¼ 45� and 3.2 for u ¼ 30� corre-
sponding to Pr ¼ 0:026 and Ra ¼ 105 (Fig. 4a and b) whereas those
are around 7.5 for u ¼ 45� and 30� for Pr ¼ 0:7 and Ra ¼ 105

(Fig. 5a and b). The significant amount of thermal mixing does oc-
cur for u ¼ 0� as jPjmax is around 6 in the core regime for Pr ¼ 0:7.
Furthermore, the multiple circulation cells are absent for Pr ¼ 0:7
whereas multiple heat circulation loops were observed for
Pr ¼ 0:026 (see Fig. 4c). Similar to Fig. 4a–c, heatlines are less
dense near bottom corners irrespective of us and boundary layers
start developing from corner points. The large temperature gradi-
ent near the side walls are due to significant number of heatlines
with a large variation of heatfunctions as seen in Fig. 5a–c whereas
the heatlines along the side walls are less dense leading to less
thermal gradient for Pr ¼ 0:026.

At Pr ¼ 1000 and Ra ¼ 105 (Fig. 6), the intensity of flow circula-
tions are enhanced as seen from values of streamfunctions. In all
cases, the streamlines near the wall take the shape of the container
and that signifies enhanced mixing effects. A larger regime near the
center corresponds to h ¼ 0:5 irrespective of all us. The isotherms
Fig. 7. Streamfunction ðwÞ, temperature ðhÞ, and heatfunction ðPÞ contours for non-unifo
u ¼ 30� and (c) u ¼ 0� .
with h 6 0:4 are highly compressed near the side walls and iso-
therms with h P 0:6 are also confined within a small regime near
the bottom wall. Similar to Pr ¼ 0:7 (Fig. 5), boundary layers are
also formed along the side walls. The heatlines are highly dense
at the central regime and jPjmax is around 8.5 for u ¼ 45� and
30� and that is 7 for u ¼ 0�. The enhanced thermal mixing due to
convection as well as heat transport from the bottom wall leads
to uniform temperature near the central regime. Also, the signifi-
cant number of heatlines are observed along the side walls leading
to large thermal gradient for u ¼ 45� and 30�. In contrast, the heat-
lines are less dense along the side vertical walls for u ¼ 0� and
therefore, the boundary layer thickness is larger as seen in
Fig. 6c. Common to all cases, jPj varies within 0-2.5 along the bot-
tom wall and thus the large heat transfer results in compression of
isotherms along the bottom wall.

3.3. Case 2: non-uniform heating of bottom wall

Figs. 7 and 8 illustrate streamlines, isotherms and heatlines for
Pr ¼ 0:026 and Pr ¼ 0:7, respectively, for high Rayleigh number
(Ra ¼ 105) during non-uniform heating of the bottom wall.
Fig. 7a–c illustrate that streamlines are qualitatively similar to
those for uniform heating case as seen in Fig. 4a–c. The overall
intensity of circulations was found to be higher for uniform heating
situation due to larger heating effects for all us. The isotherms for
non-uniform heating cases also look qualitatively similar to those
of uniform heating cases. Due to overall less heating effects, the
temperature ðhÞ at the central regime varies within 0.3–0.4 for
u ¼ 45�, 0.2–0.3 for u ¼ 30� and 0.1–0.2 for u ¼ 0�. The heatlines
illustrate similar features that were observed for uniform heating
cases. The heat transfer in the central regime is mostly dominated
by convection especially for u ¼ 45� and 30�. The heat transfer in
corner regimes at the bottom wall is dominated by conduction
irrespective of us. It is also observed that, the primary and second-
ary heatline cells due to multiple flow circulation cells are ob-
served for the square domain (u ¼ 0�). The less intense heating
effects near the central regime are attributed by less dense heat-
rm bottom heating, hðX; 0Þ ¼ sinðpxÞ with Pr ¼ 0:026 and Ra ¼ 105: (a) u ¼ 45� , (b)



Fig. 8. Streamfunction ðwÞ, temperature ðhÞ, and heatfunction ðPÞ contours for non-uniform bottom heating, hðX; 0Þ ¼ sinðpxÞ with Pr ¼ 0:7 and Ra ¼ 105: (a) u ¼ 45� , (b)
u ¼ 30� and (c) u ¼ 0� .
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Fig. 9. Variations of local Nusselt numbers ((a) Nub; (b) Nus) with distance for
Pr ¼ 0:7 and Ra ¼ 105 in presence of uniform heating (—) and non-uniform heating
(---) of bottom walls.

2480 T. Basak et al. / International Journal of Heat and Mass Transfer 52 (2009) 2471–2483
lines due to non-uniform heating effects. It may be noted that
jPjmax is around 2.8 for u ¼ 45�, 2.2 for u ¼ 30� and 1 for u ¼ 0�

at the core due to convective effects whereas jPjmax is around 4
for u ¼ 45�, 3.2 for u ¼ 30� and 1.2 for u ¼ 0� at the core for uni-
form heating.

Fig. 8 illustrates the streamlines, isotherms and heatlines for
Pr ¼ 0:7 and Ra ¼ 105 for non-uniform heating case. The stream-
lines, isotherms and heatlines for non-uniform heating case are
qualitatively similar to those of uniform heating case (see Figs.
5a–c and 8a–c). Although the intensity of flow circulations is found
to be stronger than that for Pr ¼ 0:026, but the intensity of thermal
mixing near the core is less compared to the uniform heating case
for Pr ¼ 0:7 based on magnitudes of heatfunctions. The tempera-
ture (h) near the core is around 0.4 with non-uniform heating case
whereas h is around 0.5 for uniform heating case (see Figs. 5 and 8).

3.4. Heat transfer rates: local and average Nusselt numbers

Fig. 9a and b illustrate the local Nusselt number vs distance for
the bottom and side walls, respectively, for Pr ¼ 0:7 and Ra ¼ 105.
The heat transfer rates are shown for Ra ¼ 105 as convection is
dominant for large Ra. Fig. 9a illustrates the local heat transfer rate
(Nub) for the bottom wall. It is observed that the heat transfer rate
is maximum near the edge of the wall and the rate is minimum
near the center of the wall irrespective of all angles (u) for uniform
heating of the bottom wall (case 1). It is also interesting to observe
that the heat transfer rates (Nub) for u ¼ 45� and u ¼ 30� are al-
most identical whereas Nub is larger for u ¼ 0� except near the
edges of the wall. It is observed that the thermal gradient is mini-
mum at the center of the bottom wall as seen from the dispersed
isotherm contours at the center of the wall irrespective of u. The
larger heat transfer rate for u ¼ 0� occurs due to highly com-
pressed isotherms as seen from Fig. 5c.

On the other hand, the heat transfer rates show oscillatory dis-
tribution for non-uniform heating of the bottom wall (Fig. 9a). It is
interesting to observe that Nub distribution is almost identical for
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u ¼ 45� and 30�. A slight increase in Nub for u ¼ 0� at the central
regime is observed. A general trend for Nub is to note that the max-
ima in heat transfer rate is observed at distance of 0.3 and 0.7. The
spatial maxima in Nub is due to largely compressed isotherm. The
local minima of Nub for u ¼ 45� and 30� at the center is smaller
than that for 0� and this is due to the largely dispersed isotherms
for larger us as seen in Fig. 8a and b. It is also interesting to observe
that the heat transfer rate at the central regime is larger with non-
uniform heating effects. This may be explained based on heatlines.
It is observed that heatlines with jPj ¼ 0� 2 are confined within a
narrow regime at the center of the bottom wall for non-uniform
heating case whereas jPj ¼ 0� 2 are spread in a large regime for
uniform heating case (see Figs. 4a–c and 8a–c). Very few heatlines
are present near the bottom corner for non-uniform heating case
and thus Nub is smaller than that with uniform heating case.

Fig. 9b illustrates the local heat transfer rates for the side wall
ðNusÞ. It is observed that the local Nusselt number ðNusÞ is largest
at the bottom edge of the side wall, and thereafter that decreases
sharply upto a point which is very near to the bottom edge. After-
words, Nus increases upto a point near to the top wall and it is
interesting to observe that Nus decreases with distance near to
the top wall. The similar qualitative trend is observed for both
the uniform and non-uniform heating of the bottom wall. The
boundary layer starts to form at the bottom edge of the side wall
and the boundary layer thickness is quite large near the bottom
wall for all us. Due to large intensity of convection at Ra ¼ 105,
the thickness of boundary layers are quite small at the middle por-
tion of side walls. The boundary layer thickness is found to be lar-
ger near the top portion and therefore, Nus is found to be smaller
near that regime. It may be mentioned that the larger degree of
compression of isotherms for uniform heating case results in larger
Nus. It may also be noted that Nus is quite large near to the bottom
wall end where dominant conductive heat transport occurs.

Fig. 10a–d illustrate that average Nusselt number increases with
Rayleigh number monotonically irrespective of us. Fig. 10a and b
illustrate variations for uniform heating case (case 1) and Fig. 10c
and d illustrate variations for non-uniform heating case (case 2).
It is observed that heat transfer rate is largest for u ¼ 0�. This
may be explained based on local Nusselt number plots as shown
in Fig. 9a and b. It was interesting to observe that Nub at the middle
portion of the bottom wall for u ¼ 0� is largest for both uniform and
non-uniform heating effects. It was also observed that Nul is largest
near the bottom corner of the side walls for u ¼ 0�. Variations of
average Nusselt numbers with inclination angles are smaller due
to non-uniform heating effect. The magnitudes of average Nusselt
numbers are also found to be lesser for non-uniform heating case.

4. Conclusion

Heatlines are extensively analyzed to demonstrate the heat flow
for various patterns of heating of bottom wall with various shapes
of trapezoidal cavities. Heatlines are uniquely determined from
heatfunctions which are obtained via solving Poisson equation.
Heatfunctions and streamfunctions alongwith velocity and tem-
perature fields are solved using Galerkin finite element method.
Heatfunctions are strongly dependent on non-homogeneous
Dirichlet boundary conditions at the junctions between bottom
and side walls. The non-homogeneous Dirichlet conditions are ob-
tained from average Nusselt numbers which further ensure that
heatlines satisfy the energy balance equations. The detailed analy-
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sis on solutions of heatfunctions with this unique situation on hot–
cold wall junction within a series of trapezoidal cavities are done
first time in this work.

Initially, the heatlines are analyzed for Pr ¼ 0:026 with Ra ¼ 103

which corresponds to conduction dominant heat transport as seen
from very weak flow circulations. The heatlines are found to be an
useful tool to visualize the conductive transport. It is clearly ob-
served that heatlines are perpendicular to the side walls and the
bottom wall. The heat is symmetrically distributed to the cold side
walls and the heatlines are tangential to the adiabatic wall. It is
also observed that each heatline connects the hot bottom wall
and side wall and they are parallel to each other in presence of
dominant conduction mode. These features are common to both
uniform and non-uniform heating of bottom wall. Heatlines are
also analyzed with larger RaðRa ¼ 105Þ both for small and large val-
ues of PrðPr ¼ 0:026� 1000Þ. It is observed that the multiple flow
circulations occur at Pr ¼ 0:026 and Ra ¼ 105 whereas only single
primary circulation cell in each half of the cavities occur for
Pr ¼ 0:7;1000. The isotherms are highly compressed near the side
walls especially for u ¼ 45� and 30� and the central regime at the
top portion of the cavities are thermally well mixed. These obser-
vations are well explained with heatlines. The heatlines are highly
dense at the central core of the cavity representing enhanced heat
transport. The enhanced thermal mixing at the center is further
attributed with the convective heat transport as seen from convec-
tive heatline cells. The large thermal gradient at the side walls is
attributed by the heatfunctions with large variations. The heatlines
near the edges of the bottom wall represent conductive heat trans-
port for non-uniform heating of bottom wall. Overall heat transfer
rates are found to be less for non-uniform heating case.

The heat transfer rates are further analyzed with local and aver-
age Nusselt numbers for the bottom and side walls. The non-uni-
form heating of bottom walls exhibit higher heat transfer rate at
the central regime of the bottom wall. The local Nusselt numbers
for the side wall illustrate that heat transfer rate is larger near
the bottom portion. The local heat transfer rates at side walls are
found to be larger for uniform heating situation (case 1). The vari-
ations of local Nusselt numbers are found to be correlated with
heatfunctions. Average Nusselt numbers show that heat transfer
rates are larger for uniform heating case. Average heat transfer rate
is larger for u ¼ 0� with case 1 whereas the average heat transfer
rates do not vary much with inclination angles with case 2. The
heatline trajectories are found to be powerful to visualize the
direction of heat flow for various shapes of containers and the
application of heatlines concept in complex cavities has been
evolved as a direct consequence of ‘Bejan’s heatline’ concept.

Appendix A

The name ‘‘isoparametric” derives from the fact that the same
parametric function describing the geometry may be used for
interpolating spatial variable within an element. Fig. 2 shows a
trapezoidal domain mapping to a square domain. The transforma-
tion between ðx; yÞ and ðn;gÞ coordinates can be defined by
X ¼

P9
k¼1Ukðn;gÞxk and Y ¼

P9
k¼1Ukðn;gÞyk where (xk; yk) are the

X;Y coordinates of the k nodal points as seen in Fig. 2a and b
and Ukðn;gÞ is the basis function. The nine basis functions are:

U1 ¼ ð1� 3nþ 2n2Þð1� 3gþ 2g2Þ

U2 ¼ ð1� 3nþ 2n2Þð4g� 4g2Þ

U3 ¼ ð1� 3nþ 2n2Þð�gþ 2g2Þ

U4 ¼ ð4n� 4n2Þð1� 3gþ 2g2Þ

U5 ¼ ð4n� 4n2Þð4g� 4g2Þ
U6 ¼ ð4n� 4n2Þð�gþ 2g2Þ
U7 ¼ ð�nþ 2n2Þð1� 3gþ 2g2Þ
U8 ¼ ð�nþ 2n2Þð4g� 4g2Þ
U9 ¼ ð�nþ 2n2Þð�gþ 2g2Þ

The above basis functions are used for mapping the trapezoidal
domain into square domain and the evaluation of integrals of
residuals (Eqs. (11)–(13), (16) and (19)).
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